It is shown that if X is a Banach space and C is a union of finitely many nonempty, pairwise disjoint, closed, and connected subsets {C i : 1 ≤ i ≤ n} of X, and each C i has the fixed-point property (FPP) for asymptotically regular nonexpansive mappings, then any asymptotically regular nonexpansive self-mapping of C has a fixed point. We also generalize the Goebel-Schöneberg theorem to some Banach spaces with Opial's property.
Introduction
The fixed-point property for nonexpansive self-mappings of nonconvex sets has been studied by many authors (see, e.g., [3, 7, 24, 25, 26, 28, 32, 41, 47, 50] ). Our first theorem (Theorem 2.3) improves upon results proved by Smarzewski [50] and Hong and Huang [25] .
In [24] , Goebel and Schöneberg proved the following result. If C is a nonempty bounded subset of a Hilbert space such that for any x ∈ conv C there is a unique y ∈ C satisfying x − y = dist(x,C), then C has the fixed-point property (FPP) for nonexpansive mappings. In Section 3, we generalize this result to some Banach spaces with Opial's property.
Main result
All Banach spaces considered in this paper are real. We begin by recalling the definition of an asymptotically regular mapping. The concept of asymptotic regularity is due to Browder and Petryshyn [3] . Definition 2.1. Let X be a Banach space and C its nonempty subset. A mapping T : C → C is said to be asymptotically regular if for any x ∈ C, lim n→∞ In 1976, Ishikawa [27] generalized Krasnosel'skiȋ's method of successive approximations [37] (see also [18, 48] ). Namely, he obtained, as a special case of a more general iteration scheme, that for any nonexpansive mapping T on a closed, bounded, and convex domain C and for 0 ≤ α < 1, the averaged mapping T α = αI + (1 − α)T is asymptotically regular. The same result was, independently, obtained by Edelstein and O'Brien [19] who showed that the convergence is uniform on C. In [20, 34] , general theorems are obtained which unify both the Ishikawa and the Edelstein-O'Brien results.
Asymptotic regularity is a main assumption in many results in metric fixed point theory for nonexpansive mappings (see [3, 21, 23, 35, 36] and the references therein).
We also need the notion of a nonexpansive mapping [21] .
Definition 2.2. Let X be a Banach space and C its nonempty subset. A mapping T : C → C is nonexpansive if for any x, y ∈ C,
Now we show the main result of this section. Proof. If there exists 1 ≤ i≤n such that C i is T-invariant, then T has a fixed point in C i . In the other case, since each C i is nonempty, connected, and closed, there exists a T-cycle. So, without loss of generality, we can assume that C 1 ,C 2 ,...,C n form the T-cycle, that is, T(C i ) ⊂ C i+1 for i = 1,2,...,n − 1 and T(C n ) ⊂ C 1 . Now taking T n : C 1 → C 1 and its fixed point x 1 , we get a cycle
Additionally, nonexpansiveness of T gives us
But this is impossible since
Observe that there exist disjoint sets C 1 and C 2 with the fixed-point property for nonexpansive mappings and such that dist(C 1 ,C 2 ) = 0.
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Example 2.4. In l 1 we define C 1 and C 2 as follows: where conv C denotes the convex closed hull of C. Clearly, dist(C 1 ,C 2 )=0. Moreover, these sets have the fixed-point property for nonexpansive mappings [22] .
Recall also that there exist connected and nonconvex subsets of a Hilbert space which have the fixed point property for nonexpansive self-mappings [24] . Theorem 2.3 can be generalized. To see this, recall the following definition.
Definition 2.5 (see [33] ). Let C be a nonempty subset of a Banach space X. A mapping T : C → C is said to be asymptotically nonexpansive provided T is continuous and
Remark 2.6. Theorem 2.3 continues to hold when the two occurrences of "nonexpansive" in its statement are replaced by "asymptotically nonexpansive."
To formulate some corollaries, a few definitions and facts will be needed. Firmly nonexpansive mappings were introduced by Bruck [4] . Definition 2.7 (see [4] ). Let C be a nonempty subset of a Banach space X, and let λ ∈ (0,1). A mapping T : C → X is said to be λ-firmly nonexpansive if
If a mapping T is λ-firmly nonexpansive for every λ ∈ [0,1], then it is called firmly nonexpansive.
In [6] , Bruck and Reich proved that, in a uniformly convex Banach space, every λ-firmly nonexpansive self-mapping T of a nonempty bounded subset C of X is asymptotically regular. Therefore, the following theorem due to Hong and Huang [25] is a simple consequence of Theorem 2.3. 
Fixed points of asymptotically regular maps
Hong and Huang [25] observed that their theorem is equivalent to the earlier fixed-point theorem due to Smarzewski [50] . Hence his theorem, which we quote below, is also a corollary of Theorem 2.3.
Theorem 2.9. Let X be a uniformly convex Banach space, and let C = n i=1 C i be a union of nonempty, bounded, closed, and convex subsets C i of X. If T : C → C is λ-firmly nonexpansive with some λ ∈ (0,1), then T has a fixed point in C.
Remark 2.10. Theorem 2.1 of [26] is also an immediate consequence of our result.
Remark 2.11. In [28] , it was shown that if X is a strictly convex Banach space and C is a union of finitely many nonempty, pairwise disjoint, closed, and connected subsets {C i : 1 ≤ i ≤ n} of X, and each C i has the fixed-point property for nonexpansive mappings, then any λ-firmly nonexpansive self-mapping of C has a fixed point.
Remark 2.12. In [46] , Reich and Shafrir proved that if C is a nonempty bounded subset of a Banach space X and T : C → C is firmly nonexpansive, then T is asymptotically regular (see also [13, 14, 15] ). Therefore, we also have the following result: if X is a Banach space and C is a union of finitely many nonempty, pairwise disjoint, bounded, closed, and connected subsets {C i : 1 ≤ i ≤ n} of X, and each C i has the fixed point property for nonexpansive mappings, then each firmly nonexpansive self-mapping of C has a fixed point.
An extension of the Goebel-Schöneberg theorem
First we recall the notion of the Opial property [43] . In [49] , Sims gave a characterization of the Opial property in terms of support mappings (see also [11] ).
The Opial property and its modifications and generalizations (see [8, 9, 32, 44, 45] ) have many applications in problems of weak convergence of a sequence, either of iterates {T n (x)} of a nonexpansive (asymptotically nonexpansive) mapping or averaging iterates (see, e.g., [1, 5, 7, 10, 16, 17, 23, 38, 39, 40, 43] ). This property is also a crucial assumption in theorems about the behavior of some products of nonexpansive mappings [16, 17] and in ergodic results (see the literature given in [29, 30] ). In other papers dealing with the ergodic theory, a Banach space X is assumed to have the Opial property for nets. It is, then, natural to ask, under what assumptions sequences can be replaced by nets in a given condition concerning weakly convergent sequences. In [31] , we can find general results in this direction and their applications in the theory of weak convergence of almost orbits of semigroups of mappings.
All l p spaces with 1 < p < ∞ have Opial's property with respect to the weak topology. Even more can be said about the weakly convergent sequences. Proposition 3.2 (see [22, 42] ). In l p with 1 < p < ∞, if a sequence {x n } tends weakly to x, then for y ∈ l p ,
In [24] , the authors stated the following theorem.
Theorem 3.3. Let X be a Hilbert space and let C be a nonempty bounded subset of X which is Chebyshev with respect to its convex closure (i.e., for any x ∈ conv C, there is a unique y ∈ C such that x − y = dist(x,C)). Then, C has the fixed-point property for nonexpansive mappings.
In the case of l p (1 < p < ∞) spaces, we have the following version of the above theorem. Proof. Let T : C → C be an asymptotically regular and nonexpansive mapping. We choose x 0 ∈ C and a subsequence {T ni (x 0 )} of {T n (x 0 )} which tends weakly to x ∈ conv C. Hence, there is a unique y ∈ C such that x − y = dist(x,C). Then, we have
On the other hand, by the asymptotic regularity and nonexpansiveness of T, we get
Hence, by the uniqueness of the nearest point in C to x, we obtain T y = y.
It is worth noting that there exist Banach spaces furnished with linear topologies τ which satisfy a condition, with respect to τ-convergent sequences, similar to that in Proposition 3.2. These spaces have the Opial property with respect to the topology τ (see [32, 45] ). Consider the following three examples of such Banach spaces (for other examples see [32, 45] ).
Example 3.5 (see [22, 42] ). Let X = l 1 and let {x n } be a σ(l 1 ,c 0 )-convergent to x ∈ l 1 . Then, for each y ∈ l 1 ,
Example 3.6 (see [2] ). Let Ω be a measure space with measure µ and
Example 3.7 (see [45] ). Let 1 < p < ∞ and {X k } a sequence of Banach spaces with the Schur property [12] , and let
that is, X is the space of all sequences x = {x(k)} such that x(k) ∈ X k for every k and
If {x n } is a sequence in X, weakly convergent to x ∈ X, then, for each y ∈ X,
It is easy to observe that the following theorem holds. 
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Remark 3.9. The above theorem is also valid for some Banach spaces with L(ρ,τ) property. This property has its origin in [42] (see also [32, 45] ).
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